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Introduction

The spectrum (power spectral density) of the vibration level for any
linear system canbe found by integrating the product of the cross =r._o‘__RJ
spectrum of the excitation function with the cross frequency response o
functions of the system over the area on which the excitation is acting: In :I-?-.'.jt:l

particular, the spectrum of the vibration response of a plate or shell
excited by a turbulent boundary layer is given by [1}:
Suv(R1 82:w)=[ o] AH*(R, P2 )H(X 2, P2iw )T( Py, p2:w)dA(py)dA(p2)

where T'(p,, po.w) is the crossspectrum of the normal pressure exerted
by the boundary layer on the piate,
H(x,p.w) is the response of the plate at & due to a unit
sinusoidal forceat p,
and Syv is the cross spectrum of the response,

Tack and Lambert [2] have demonstrated that this approachaccurately
predicts the vibration level for a narrow beam exposed to a turbuient
boundary layer in a wind tunnel. Most of the papers in the open literature
are concernedwith ways of approximating H and I' so as to make the
integration relatively simpie(3,4] . Our primary objective is to compare
the measured response spectrum of a flat plate with that predicted from
the measured crossspectra of the pressure field and the measured
response functions of the plate. In this way, for at least one case, we
will be able to determine what are the controiling variables and what
accuracyis necessary in the two cross functions to get acceptable
accuracyfor the vibration level.

The response functions will be measured for a fiat plate in the wall
of a water tunnel. In this way we will avoid the calculation of interaction
with the water which leads to problems of entrained mass and damping.
Since the measurements will be made in place, these effects will already
be included in the measurement results. With the same philosophy, the
crossspectrum field of the pressure onthe wall of the water tunnel was
measured directly. In this way we avoid the difficult problem of trying to
determine the physical basis for the pressure field in terms of the
separate contributions of the incompressible velocity field, the direct
radiated acoustic field and the reverberant acoustic field.

This report presents the resuits of the pressure measurements.
Section Il describes the water tunnel, the instrumentation and the data
reduction system. It also discusses the sensitivity of the instrumentation
and the background noise level at the measurement points so that the
accuracyand range of validity of the data canbe evaluated. Section lli
presents the measured spectra. Part A presents the autospectrum, shows
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that it is almost independent of position in the measurement region, and
compares our resuits with those obtained by others. Part B presents some
typical crossspectra and discusses their general characteristics. Section
IV discusses appropriate reduced variables for separation distance and
frequency and shows a final parametric function fit to all of the data.
Section V is a discussion of our results with a comparisonwith
measurements and predictions by others. One important result is that it
is impossible to find I’ as a product of functions of x* and y* alone since
the shape of the transverse cross spectrum changes markedly with axial
separation.

Section V is presented here as a matter of peripheral interest since
we intend to use only the curve fitted measured spectrum in our final
comparison. Other people connectedwith this project are working on the
problem of finding the shape of the cross spectrum, particularly at low
wave numbers, with an attempt to simulate the effects of the infinite
field for evaluation of theoretical predictions. No such effort has been
made by us since we are interested only in the actual response in the
finite tunnel used. The detailed data for the spectra measured at the 71
pairs of positions are not given in this report but only a representative
sample is presented. All of the data are stored in digital form on floppy
disks and are available for further study.
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Il INSTRUMENTATION Q‘g

A, Water Tunnel ‘::{.3:3."1:
The measurements were made ir the St. AnthonyFalls 7.5 inch square 9

low noise water tunnel [S). The test section has steel walls with a <
plexigias window on one side and is separated from an 18 inch high still
water chamber by a thin plexiglas partition ( fig. 1). Thereis a100 to 1
area reduction from the main stilling chamber to the test section; the
upper partition is shaped to the free stream surface so as to create a zero

pressure gradient flow. With the partition in place, the static pressure :_\.::::;.]
difference between any point in the 1 m long test section and the mean ;:_,:‘.E;;Z
value was less than 3cm of H,0, or less than 0.5% of the dynamic head at S

a flow of12.0 m/s. R
B. Pressure Transducers e
The pressure transducers used were PCB mode! 105A pressure

transducers with a nominal diameter of 2.51 mm and a nominal

sensitivity of 2.9 uv/Pa( 20 mv/psi). The pressure transducers were held
in brass cylindrical holders 38.1 mm in diameter and 12 mm high. The i
holders were inserted into the partition so that they couldbe rotated to \1
change the relative positions of the transducers while the faces of the :
transducers remained flush with the surface. The faces of the holders

1) ’.

were sanded to maintain the difference in level to less than 40 p as the R
holders were rotated 360°. Two of the holders were piaced as close as e
possible in the transverse direction 800 mm downstream of the tunnel R
entrance; two others were aligned close together in the downstream Sk

direction with the center of one of them 127 mm downstream of one of
the first two (fig. 2). Figure 3 is a photograph of this partition with the
| holders in place. The calculated value of the displacement boundary layer
| thickness, 8%, at 12 m/s water velocity isl.bmm at this location and the
| change in boundary layer thickness is negligibly small in the test region.
‘ Later tests showed that the measured pressure autospectrum was the
same at all measurement points within +1dB. By using various
combinations of angles, it was possible to position pairs of transducers L)
. to measure the crossspectra at combinations of transverse and flow
direction separations shown in figure 4. The closest spacing was
governed by the diameter of the transducers and casings and was 4.2 mm. -
C. Electronics R
The transducers are built with MOSFET impedance changers which

2h

el 1@

PRPEIR

.
L
]
¢

EORE BT
s A
A '
, o
; e
, .

' o

have an output impedance of 100 Q. They are powered by a two wire, -
grounded power supply furnished by the manufacturer. The power lead was I
about 1 m long and was brought out in a thin polyvinyl tube through pass Z;’\I_é;:i
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through fittings in the top cover of the still water section (figure 3). The
brass rod used to turn the holder served as the ground return. The power
supplies were battery operated to reduce the electrical noise level which
is discussed in the section onmeasured autospectra.

The output from the power supply was connectedto one of the two
input channels of a 3582A Hewlett-Packard Spectrum Analyzer. This
instrument takes 512 12-bit readings in each channel in each time sample
which permits a 128 point crossspectrum linearly coveringthe chosen
frequency range. The frequency span at the maximum sampling rate is
25kHzZ. Our measurements were made in various ranges from 100 Hz to
the upper limit although most of them were made with a 2.5 kHz span. The
real and imaginary parts of the spectra were each averaged over a number
of time samples; most of them were averaged over 256 samples aithough
some shorter and longer averages were taken for check purposes.

The averaged spectra were then transferred to an HP 86B computer
for processing and disk storage. The processing was necessary because
the crossspectrum is not directly accessible onthe Spectrum Analyzer
even though it exists in memory and is used to find the transfer function.
The spectra shown later in various forms have been taken directly from
the data stored on the discs.

D. Background Noise

Figure 5 compares the measured autospectrum levels with that of
two types of background noise. The indicated levels are dB rms ref 1 volt
with the transducer sensitivity of 2.9 uv/Pa. The 110 dB level
correspondsto | Pa/{/ Hz. The lowest curve is that taken with the water
tunnel not running and shows the residual combination of electronic
noise, truncation error in the A/D converter and the structural vibration
in the building. The intermediate curve is one of several taken at 12m/s
with the transducer holder hung in the still water section above the
partition so that the transducer pointed upstream, downstream or
transversely. The highest curve is the measured autospectrum taken with
256 averages; none of the measured autospectra with 256 averages
differed from this one by more than +1dB. All of the crossspectra lay
between the top two curves.

Since the partition is acoustically transparent in the frequency range
of interest, we interpret the still water spectrum to be that due to the
reverberant acoustic field in the water tunnel. This interpretation is
bolstered by two rather broad peaks (Q<3) at frequencies corresponding
to standing halfwavelengths in the vertical and transverse directions.
This reverberant field level is everywhere at least 8 dB lower than that
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of the measured cross spectra and so no correctionwas made for it.

Vibration measurements were not taken on the transducer holders
but the levels canbe estimated. Since the autospectra are not dependent -
onposition, the effective forcein any frequency band is the square root
of the spectrum level times the effective area. The axial correlation
length is of the order of the holder diameter and the transverse one is

less so that the effective area is about equal to the product of the ]
diameter and the transverse correlation length. The stiffness of the oo
partition is so low that the natural frequency of the mass on this e

stiffness is well below the frequency range of interest; as a result, the RN
vibration is mass controlled and the acceleration is about equal to the D
effective forcedivided by the mass. With these assumptions, the ratio of ==
the voltage due to acceleration to that due to pressure is: e
ea/ep = ( o</ o<p) A7/phd = ‘1
where S
e, and e, are the voltages due to acceleration and pressure A_j

ocy and o, are the corresponding transducer sensitivities

A7 is the transverse correlation length

p is the mass density of the holder ' -—.-—’
and h and d are the thickness and diameter of the transducer. ]

The manufacturer reports that the ratio of the sensitivities is about
ISPa/g. If we estimate Ay to be about 3 mm, let h=12mm, d=38mm and

use 8.7 for the specific gravity of brass, we find 0.001 for the voltage =
ratio. while this computation is far from accurate, it does show that the
acceleration induced voltage is small compared with the direct reading )
due to pressure. 2
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Il MEASURED SPECTRA
A, Autospectrum

The autospectra measured at all the available positions of the
holders agreed within the 12 bit resolution or * 1dB. Most of the
measurements were taken with a water velocity of 12 m/s. Figure 6
shows the autospectrum for both 4 and 256 averages and a range of 2.5
kHz at this velocity. Figure 7 shows the autospectrum at the same point
for 256 averages and a range of 25 kHz with a water velocity of 22m/s.
Figure 8 shows the autospectrum for 256 averages and a range of 2.5 kHz
at a velocity of 22 m/s. A hanning window which has a noise bandwidth of
30 Hz when the range is 2.5 kHz was used for all measurements. The
variance in spectra levels for individual time samples may be estimated
from figure 6. Some readings were taken at 2560 averages and these
spectra were even smoother than the 256 ave one shown. Above100 Hz,
the dB spectrum level is a linear function of frequency with no local
perturbations. Because it is a dB plot, the scatter above the line is less
than that below; one would expect the scatter for the 4 average points to
be 8 times that for the 256 one which looks about right.

Figure 8 shows a composite plot of the autospectrum level
normalised with respect to the dynamic pressure plotted as a function of
the frequency normalised with respect to the free stream velocity and the
boundary layer thickness. Alsoshown on the same plot are some
measurements previously made by J. Killen using a different type of
transducer in the same tunnel. Chase [6] shows that the autospectrum
level decreases somewhat for normalised frequencies, ws*/ucl less than

0.1 . It appears that the increase we show in spectrum level at
frequencies below 100Hz is primarily due to the increased contribution of
the reverberant field (figure 5); because of the reduced noise bandwidth,
this cutoff frequency is somewhat lower when the measurement is taken
with a lower frequency span.

willmarth (7] shows that the measured pressure increases with
decreasing transducer size because the larger diameter transducers
integrate out the effect of the short wavelength (high wavenumber)
components. However, he shows no further decrease in measured pressure
level for dUt/u >100; we measured the rms pressure to be 540+40Pa at

12m/s which gives a pressure ratio p/q,, of 7.3x10 =3 at a value of
dU,/0=1200 where Willmarth shows 5.5x10 ~.
Willmarth [7] reports a ratio p/zy, of 2.5 with a transducer diameter
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ratio d/6* =0.33 and a Reynolds number of 2x10 411 we let
Tyy=1.5%10 '3pU°,, we get 220 Pa for the wall shear stress which gives us

a pressure ratio of 2.45 at a diameter ratio of 1.5 and the same Reynolds
number. Willmarth and Woodridgel8]report 2.7 for the shear stress ratio
in air at a somewhat higher Reynolds number. Handler et al [9] suggest a
ratio of 3.32 derived from a numerical integration of the Navier-Stokes
equation at a Reynolds number of 5000.

B.Typical Cross Spectra

The crossspectra were measured for sets of two points covering the
separation grid shown in figure 4. The modulus and phase data are
available on floppy disks in digital form in HP Basic format for all
combinations of transducer separation, frequency spans and numbers of
averages shown in Table 1.

This report presents eleven cross spectra typical of different
regions of the measurement grid; they include all combinations of 0, 5, 25
and 110mm axial separation and 0, 4 and 8mm transverse separation.
Figures 10 and 11 aandb are for 0 axial and 4 and 8mm transverse
separation; figures 12,13 and 14 a and b are for 5 mm axial and 0,4 and 8
mm transverse separation; figures 15-17 cover 25 mm axial and figures
18-20 cover!l0mm axial. The a figures show the modulus of the cross
spectrum as dB less than the autospectrum at the same frequency and the
b figures show the phase in degrees. Figures 18c,19c and 20c show the
modulus for a frequency span of S00 Hz to demonstrate that the low
frequency portion of the cross spectrum is almost independent of Ay at
at small Ay and large Ax.

The siope of the phase piot multiplied by the axial separation is the
phase velocity. Aplot of the ratio of this velocity to that of the free
stream derived from these and other graphs is shown as a function of
frequency with axial separation as a parameter in figure 21. The phase
indicated velocity, which we may interpret as being the convected
velocity of the turbulence components, decreases with increasing
frequency. The values of U/U,, are about the same as those obtained by

Willmarth and Wooldridge in a wind tunnel [8]. The velocity ratio is
independent of lateral separation except perhaps at short axial separa-
tions where the crossspectrum fell off so rapidly with lateral separation
that the phase could not be measured. It canbe seen from the phase plots
(e.g. Fig 12b) that the slope approaches zeroat very low frequency. This
indicates that the phase velocity has a maximum at w8*/U,~0.1 and then

drops to 0 at zerofrequency. The curve for the shortest separation lies
slightly below that of the composite curve at larger Ax.
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IV Parametric Fit

The modulus of the crossspectrum falls with frequency at a rate
that increases with increasing separation until it reaches a relatively
constant level of -13dB relative to the autospectrum. The transition
frequency drops from 3.5 kHz at Ax= Smm, Ay=0 to about 350-400 Hz at
Ax=110 mm, Ay= 0,4 or 8mm. The transition frequency for the
autospectrum is also about 3.5kHz. At frequencies higher than the
transition the variance in the cross spectra among members of the
ensemble increases substantially and it also becomes difficult to find a
smooth phase curve. This behavior canbe seen in figures 13a and b at
about 1300 Hz (Ax=5mm), in figures 16a and b at about 1100 Hz
(Ax%=25mm) and in figures 18a, b and c at about 380 Hz (Ax=110mm). If
the number of averages is now greatly increased, the variance in both
modulus and phase canbe reduced and the phase appears to have an
average value of 0° for all frequencies higher than that of the transition
region.

Corcos[10] constructed a mode! of the cross spectrum based on
limited data in the axial direction alone and the transverse direction
alone. His representation was:

F(x,y.w)= I(0,0;0)r5(x*,0)r3(0,y*)
where  Tp= exp(-o<|%*|) and T3=exp(-B|y*|)
and W= wr/Us , y*= wy/Ue

Figure 22 shows a composite plot of our cross spectrum levels
relative to the autospectrum as a function of x* and y* and figure 23
shows the same plot from a different viewpoint. Figure 24 showsT as a
function of x* with y*= 0 for Ax=5,10 and 20mm to indicate how well the
data are collapsed. Superposing the curves for Ax=15,30,40 and SOmm
increases the scatter band little if any. Figure 25 is a similar section for
y*=0.8x"*. When Ax=0 the crossspectrum falls off sorapidly with Ay
that the finite transducer size makes it impossible to get accurate data.
This is no longer as serious a problem at even the shortest flow direction
separation of 5.2 mm.

It canbe seen that there is a very large interaction between the axial
and lateral separation effects so that it is not possible to express I' in
terms of products of functions of x and y separately. Borscherskii et al
[11] have analysed the case of an eddy in the process of being ejected
from the boundary layer and predict the pressure field by using the
Navier-Stokes equations. They find that the decay of the pressure field
with distance includes an x2 term. It is stil convenient to let T'; be a
function of x* alone and let T'y contain the interaction terms. Least
squares fits were made for the data points in the pressure dominated
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region from all of the cross spectra using various linear and quadratic
combinations of x* and y*. For y*=0 the appropriate region was x*<25 N
(fig.24); the upper limit of x* decreased as Ay increased. For example, )y
%<5 was used for Ax=Smm and Ay=4mm (fig.25). Points at frequencies
below 80 Hz were discarded because the spectrum level was raised by the ]
structural vibrations at low frequencies (fig.S); the correspondingvalues
of x* are proportional to Ax (fig.24).

For each value of Ax and Ay the normalized cross spectrum was
found for each frequency point by subtracting the average of the dB levels
of the autospectra at the two correspondingpositions. At any frequency,
the two autospectra usually agreed within 1 dB, almost always within 2dB
and never differed by more than 4 dB. All of the normalized crossspectra
for Ay=0 were used to make a least squares fit with linear and quadratic
terms giving:

I, =exp(-0.081|x*|-0.0010x%2)
which is the solid curve in figure 24. If only the quadratic term is used:
T',!2)= exp(-0.14-0.0053x*2)
which is the dotted curve in figure 24. This shows that at least as gooda
fit canbe had with a purely quadratic term; the 0.6 dB defect at x*=0
(which is the 0.14 term in I';) may be caused by the structural vibration
having a slightly greater influence onthe autospectrum than it does on
the crossspectra.

For each value of Ax the crossspectral values at Ay=0 were
subtracted from each crossspectrum with the same value of Ax. when
plotted versus y* there was considerably more scatter among the curves
for different Ay than is shown in figure 24 for I', versus x*. A quadratic
fir was then made for all of the low frequency data in the pressure
controlled region for each value of Ax. The coefficient of y*2 was then
plotted versus x*; This reduced data could be fitted with a curve of the
form1/asb|x*| finally giving:

T3 =exp(-S.15y* </(2.3+|%*|)

Figures 22 and 23 are plots of I',!"T's with an arbitrary minimum of
-13dB correspondingto the average values at high frequencies in all cross
spectra. If there is any change in this value between the transition
frequency and 2500 Hz, it is masked by the large fluctuations in the
curves. The use of U, as a scaling factor at large separations and

frequencies above the transition region is purely a conveniencesince the
appropriate velocity is the acoustic velocity and not the convected
velocity. Such a conventionis possible only because the ratio of the
convectedto acoustic velocities is very small and the wave numbers
appropriate to our data are relatively large. This plot clearly cannot be
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extrapolated to values of x* and y* approaching the reciprocal of the
Mach number.
Corcos’curves[10] fit well to:
Tp=exp(-0.115 [ x*|)
and I'3=exp(-0.70 |y*|)
Corcosused a constant value of 0.6 for U/U,, instead of letting it vary

with w as was done in this report which accounts for some of the
difference between 0.081 and 0.115.
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TBL Pressure Spectra Narayan and Plunkett

necessarily much larger than that of the convectedfield and so it takes
many more averages to get a smooth curve. In addition, the variance for
the phase (09) is larger than that for the modulus.

Willmarth [6] shows that the finite size of the transducer can
underestimate the total pressure because of the influence of the high
frequency, short wavelength eddies. in figure S of his paper he shows that
the ratio p/q,, decreases monotonicaily with increasing dimensioniess

diameter dU.L./u up to values of about S0. We get 7.3x10 =3 for p/qy at a

dimensionless diameter of 1260 which is about 40% higher than his
reported values. Onthe other hand, we get exactly the same vaiue of p/zyy

as he reports.

Our primary interest is in finding values for the crossspectrum to
use in the integral for finding the response function. We may consider
that the transducer has integrated the pressure field over its effective
area as indicated by Corcos. This will have no influence on the final
integration so long as the response function H does not change much in a
distance equal to the diameter of the transducer. Thus, this under
estimation of the total rms pressure should not affect the prediction of
the vibration response except for modes with wavelengths equal to or
less than the diameter of the transducer.
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V DISCUSSION

While it is not the purpose of these experiments to explore the
microphysics of the turbulent boundary layer, a few comments on the
relationship of our results to the measurements, analyses and predictions
of others seems in order. Corcos’ model is based on the incompressible
pressure field [10]. Using this model he demonstrates that the bulk of the
pressure energy is generated in the mixing sublayer with the peak at
X2/8%~0.2 . Ffowcs-Williams [12] has included the compressibility
effects in the same mode! and predicts the importance of a radiated
acoustic field at higher frequencies. In a series of articles based on
measurements at very low Reynolds numbers and very thick boundary
layers, Kiine et al. [13] discuss the importance of a streak like structure
in the boundary sublayer leading to liftup and ejection from the boundary
layer. Haddle and Skurdzyk [14] discuss measurements of the
autospectrum in water. They find two frequency regions: a near field
velocity dominated region at low frequencies and a far field acoustic
region at high frequencies. They note that in water at velocities of 10 to
20 m/s a transducer size of order 0.1 mm would be necessary to resolve
Kline streaks. They conclude that the larger, ejected turbulent eddies are
the important source of the TBL noise as measured in water by available
transducers.

With these previous results in mind, we interpret our measurements
to indicate an eddy produced velocity field being convecteddownstream
with a velocity that increases with increasing size and thus lower
assOciated frequency. These eddies waver back and forth as they procede
downstream and so the cross spectrum broadens with increasing
downstream distance. The smaller eddies and perhaps even the Kline
streaks account for a large share of the total energy and so the lateral
correlation length is very short at zeroaxial distance. The increase in
lateral correlation length in the downstream direction is accompanied by
an increase in the variance from sample to sample. This is indicated by
the increased number of averages that is necessary to get smooth data as
Ay increases.

As indicated by Ffowcs-Williams, the combination of the velocity
induced pressure field and the zero velocity normal boundary condition at
the wall gives rise to aradiated pressure field. Since this is caused by
radiation from all directions on the surface of an infinite plate, the
expectation of the phase must be zeroand the cross correlation is
essentially independent of distance so long as the separation is small
with respect to the velocity of sound divided by the frequency, i.e. the
acoustic wavelength. The variance of these acoustic samples is

11
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